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39The current communication is carried to contemplate the unique and novel characteristics of nanofluids
by constructing formulation of Prandtl fluid model. The fascinating aspects of thermo diffusion effects are
also accounted in this communication. Mathematical modelling is performed by employing boundary
layer approach. Afterwards, similarity variables are selected to convert dimensional non-linear system
into dimensionless expressions. The solution of governing dimensionless problem is executed by shoot-
ing method (SM). Graphical evaluation is displayed to depict the intrinsic behavior of embedded param-
eters on dimensionless velocity, temperature, solutal concentration and nanoparticle concentration
profiles. Furthermore, the numerical variation for skin friction coefficient, local Nusselt number,
Sherwood number and nano Sherwood number is scrutinized through tables. The assurance of current
analysis is affirmed by developing comparison with previous findings available in literature, which sets
a benchmark for implementation of computational approach. It is inferred from the computation that
concentration profile increases whereas Sherwood number decreases for progressive values of Dufour
solutal number.






















Extensive investigation have been commenced to explore the
thermophysical properties of conventional heat transfer fluids.
But these fluids are unable to meet the growing challenges of mod-
ern technology. Thus in order to overcome these hurdles the addi-
tion of nanoparticles to such fluids are inaugurated. Nanofluids are
engineered composition of nanoparticles and base fluid. These liq-
uids are prepared by submerging the nano size particles in the base
fluid. From recent studies it is experimentally verified that there is
excellent increment in thermal conductivity of ordinary fluids
because of the addition of nanoparticles. The novel intrinsic char-
acteristics of nanofluids have created a link among micro and
macro molecular structures. Due to these incredible properties
nanofluids possesses plentiful importance in various heat transfer
processes like fuel cells, microelectronics, hybrid-powered engines,
etc. Nanofluids are used in industrial technologies due to their util-
ity in production of high quality lubricants and oil. Initiating from
pioneering work Choi [1] did seminal work on nanofluids by intro-
ducing the concept of nanoparticles. He defined nanofluids as engi-
neered suspension of nanoparticles as a base fluid in traditional83
84
85heat transfer fluids. He found experimentally that heat transfer
performance of conventional fluid improves dramatically by add-
ing nanoparticles. Buongiorno [2] presented tremendous theoreti-
cal model to investigate thermal properties of nanofluids. Nield
et al. [3] capitalized Buongiorno model to adumbrate convective
heat transfer of nano fluid past a vertically stretched surface. They
instituted that the performance of heat transfer depresses by esca-
lating the effects of Brownian movement and thermophoresis. The
investigation of nanofluid flow over linearly stretched surface was
primarily initiated by Khan et al. [4]. Nanofluid flow over perme-
able exponentially stretched surface with second order slip was
discussed by Rehman et al. [5]. Convective heat transport on stag-
nation point flow with collaborated effects of buoyancy force,
Brownian movement and thermophoretic force were probed by
Makinde et al. [6]. Zhang et al. [7] examined radiative boundary
layer flow of nano fluid over a variably stretched surface in pres-
ence of first order chemical reaction. Nadeem et al. [8] performed
numerical analysis on MHD nano fluid flow for Maxwell model.
Malik et al. [9] constructed computational analysis to explore the
enhanced thermophysical properties of Eyring-Powel fluid model
with the addition of nanoparticles. Few recent studies related to
nanofluids are cited in Refs. [10–14].
Academic curiosity and technological applications have gener-
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10 November 2016rheology. In recent years, numerous examinations have been
reported on non-Newtonian fluids due to their generous and trea-
sured utility in industrial production mechanism, power engineer-
ing, petroleum production and broad spectrum chemical processes.
Non-Newtonian fluids are diversified classifically into various
models in view of the fact that a single constitutive relation is inad-
equate to illustrate the complete characteristics of all these fluids.
There models are primarily characterized as visco-inelastic fluids,
visco-elastic fluids, polar fluids, anisotropic fluids and fluids with
micro-structure. Among these the paramount subclass of non-
Newtonian fluid is visco-inelastic fluids which incorporates the
combined effects of elastic and viscous properties. Dunn [15] did
premier work on physical structure of non-Newtonian fluids and
recommended an empirical relationship between shear and stress
rate for visco-inelastic fluids. Nadeem et al. [16] bestowed compre-
hensive perturbation analysis of Prandtl fluid model in an endo-
scope. Saeedi et al. [17] considered blood as a visco-inelastic
fluid and investigated peristaltic transport phenomenon by incor-
porating regular perturbation method. Akbar et al. [18] did inaugu-
ral work by contemplating Prandtl fluid model over a porous plate
subjected to suction or blowing. They probed numerical solution of
governing problem and tested the credibility of present results by
constructing comparison with classical Newtonian fluid problem.
Akbar [19] presented perturbation flow analysis of Prandtl fluid
model in tapered arteries. She exhibited governing differential
equations in cylindrical coordinates and analyzed the solution by
regular perturbation method. She depicted that by increasing
Prandtl fluid parameter, stenosis shape and height of stenosis
decreases. The study of visco-inelastic fluid models has been
inspected numerically and analytically by different researchers
mentioned in Refs. [20–24].
All the above studies have been performed in absence of diffu-
sion effects. But the analysis of non-Newtonian fluids in presence
of diffusion effects has enchanted substantive focus of researchers
due to their eminence in engineering and industrial areas. Diffu-
sion is a physical interactive phenomenon that appears in the fluid
flow due to temperature and concentration gradients. These com-
posite gradients generate fluxes in fluid flow. The energy changes
produced by mass fluxes of involved particles of fluid flow are
renowned as diffusion-thermo effects while the inclusion of con-
centration fluxes due to thermal changes is pronounced as
thermo-diffusion effects. Aziz et al. [25] constructed intricate rela-
tion between driving potentials responsible for heat and mass
transfer. They developed the concept that during heat and mass
transfer phenomenons temperature gradient is not only responsi-
ble for energy gradient but composition gradient can bring change
in temperature. Hirshfelder et al. [26] premeditated thermo-
diffusion coefficient and thermo-diffusion parameter for mono
atomic gases. Afify [27] did phenomenal work on stretching sheet
by investigating Soret and Dufour effects. Bhattacharya et al. [28]
investigated stagnation-point flow towards a shrinking surface in
the presence of diffusion effects. Awad et al. [29] reported compu-
tational aspects of double diffusion effects on stretching sheet.
Similar idea for Power-law fluid was incorporated by Goyal et al.
[30]. Umar et al. [31] numerically investigated convective trans-
port in nano fluid along with the diffusion effects over a permeable
stretching surface. Umar et al. [32] performed comprehensive anal-
ysis by evaluating the thermo-diffusion effects on nano fluid flow
over stagnant stretched surface.
In view of relevance in practical, industrial and technological
implications present work is deliberated to scrutinize heat and
mass transfer effects over a vertically stretched surface with
visco-inelastic fluid under the light of double diffusion effects.
Drawing conclusion from above literature survey, this problem is
not considered before. For this purpose firstly the intricate partial
equations are converted into assisting ordinary differential equa-Please cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008tions by implementing compatible transformations. Afterwards,
numerical simulation by using Runge-Kutta method is performed
in order to analyze the solution. Graphical results are presented
to explore stimulating aspects of sundry parameters on related
profiles. Numerical results are used to comprehend the behavior
of emerging parameters on local Nusselt number, local Sherwood
number and nanofluid Sherwood number. Furthermore, compar-
ison of present results with aforementioned literature is also pro-
vided to analyze the compatibility of solutions.
Fluid model


















In the above expression A and C are material constants of the
Prandtl fluid model, respectively.
Mathematical formulation
Consider two dimensional steady, incompressible and laminar
flow of Prandtl nanofluid over a stretching surface. The flow is
induced due to the linear stretching of sheet varying linearly with
distance x, i.e. Uw ¼ ax Here a is a real positive number and x is the
coordinate measured from the location where the sheet velocity is
zero. Thermo diffusion effects are also taken into account along
with thermophoresis and Brownian motion. Magnetic field of
strength B is applied in transverse direction to the flow. Magnetic
Reynold number is taken small and thus the induced magnetic
field is neglected. Tw is the surface temperature at the wall, Cw is
the solutal concentration and /w is the nanoparticle concentration.
At large distance from the sheet, temperature, solutal concentra-
tion and nanoparticle concentration are represented by T1, C1
and /1, respectively. Fluid phase and nanoparticles are assumed
to be in a thermal equilibrium and there is no slip between them.
x-axis is assumed to be along the stretching sheet and y-axis is
assumed to be normal to it.
After utilizing boundary layer approximation, the equations of
continuity, momentum, energy, concentration and solutal concen-
















































































u ¼ Uw ¼ ax; v ¼ Vw; T ¼ Tw; C ¼ Cw and / ¼ /w at y ¼ 0: ð7Þ
where u and v are velocity components along x- and y-axis respec-


































































































S. Bilal et al. / Results in Physics xxx (2016) xxx–xxx 3
RINP 408 No. of Pages 10, Model 5G
10 November 2016the kinematic viscosity, r is electrical conductivity, a is the thermal
diffusivity, DB is the Brownian diffusion coefficient, DT is ther-
mophoresis parameter, DKCT and DKTC are Dufour and Soret diffu-
sivities, Ds is solutal diffusivity, T is fluid temperature, C is solutal
concentration and / is nanoparticle volume fraction. For the math-
ematical analysis of problem, we use the following transformation:
g ¼ ﬃﬃamp y;u ¼ axf 0ðgÞ; v ¼  ﬃﬃﬃﬃﬃamp f ðgÞ;




After utilizing Eq. (8), Eq. (2) is satisfied while Eqs. (3)–(6) takes
the following form
af 000  f 02 þ ff 00 þ bf 002f 000 Mf 0 ¼ 0; ð9Þ
1
Pr
h00 þ fhþ Nbh0/0 þ PrNth02 þ Nds00 ¼ 0; ð10Þ
s00 þ LePrfs0 þ Ldh00 ¼ 0; ð11Þ
/00 þ Lnf/þ Nt
Nb
h00 ¼ 0: ð12Þ
a¼ 1lAC ; b¼ a
3x2
2C2m
; M¼ rB2qa ; Pr¼ ma ; Le¼ aDs ; Nb¼
sDBð/w/1Þ
v ;






In the above equations a represents Prandtl parameter, b is elas-
tic parameter, M is magnetic parameter, Le is Lewis number, Nb is
Brownian motion parameter, Nt is thermophoresis parameter, Ln is
nano Lewis number, Ld is modified Dufour parameter and Nd is
Dufour solutal Lewis number respectively.
By using Eq. (11), the boundary conditions in Eq. (10) reduces to
following form
f ð0Þ¼0; f 0ð0Þ¼1; hð0Þ¼1;
f 0ð1Þ!0; hð1Þ!0; sð0Þ¼1;sð1Þ!0; /ð0Þ¼1; /ð1Þ!0:
ð14Þ
The physical quantities of engineering interest are namely, skin
friction coefficient Cfx, local Nusselt number Nux Sherwood number
Shx and nanofluid Sherwood number Shx;n. These parameters char-
acterize the shear stress along the wall, wall heat transfer, regular
and nano mass transfer rates, respectively and are defined as:
Cf ¼ sw
qU2w
; Nux ¼ xqwkðTw  T1Þ ; Shx ¼
xqm





where sw is known as shear stress along the wall, qw is known as











The skin friction coefficient, local Nusselt number, Sherwood




x ¼ ðaf 00ðgÞ þ bf 000ðgÞ3Þg¼0;
NuxRe
1=2








In the current analysis the problem on MHD boundary layer
flow of Prandtl nano fluid with thermo diffusion effects is formu-Please cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008lated. Solution structure in the form of ordinary differential Eqs.
(9)–(12) is obtained by utilizing compatible similarity transforma-
tions. Since the governing equations are highly non-linear so for
better comprehension computational analysis is performed by
using shooting method in collaboration with R-K Fehlberg method.
In order to solve the problem presented in Eqs. (9)–(12) by Runge-
Kutta method the first compulsory step is to change the system of
couple equations into first order differential equations. For this
purpose we re-write Eqs. (9)–(12) as
f 000 ¼ f
02  ff 00 Mf 0
ðaþ bf 002Þ
; ð18Þ
h00 ¼ Prfh0  PrNbh0/0  PrNth02  Nds00; ð19Þ
s00 ¼ Lefs0  Ldh00; ð20Þ
/00 ¼ Lnf/0  Nt
Nb
h00: ð21Þ
A new set of variables is defined as:
f ¼ y1; f 0 ¼ y2; f 00 ¼ y3; f 000 ¼ y03; h¼ y4; h0 ¼ y5; h00 ¼ y05; s¼ y6;s0 ¼ y7;
s00 ¼ y07; /¼ y8;/0 ¼ y9; /00 ¼ y09:
ð22Þ
After applying Eq. (22) into Eqs. (18)–(22) are converted into a
system of nine ordinary differential equations i.e. Eqs. (23)–(31).
y01 ¼ y2; y02 ¼ y3; ð23Þ
y03 ¼
y22  y1y3 þMy2
aþ by23
; ð24Þ
y04 ¼ y5; ð25Þ
y05 ¼ ðPry1y5 þ PrNby5y9 þ PrNty25 þ Ndy07; ð26Þ
y06 ¼ y7; ð27Þ
y07 ¼ ðLey1y7 þ Ldy05Þ; ð28Þ
y08 ¼ y9; ð29Þ






y1ð0Þ ¼ 0; y2ð0Þ ¼ 1; y2ð1Þ ¼ 0; y4ð0Þ ¼ 1;
y4ð1Þ ¼ 0; y6ð0Þ ¼ 1; y6ð1Þ ¼ 0; y8ð0Þ ¼ 1; y8ð1Þ ¼ 0:
ð31Þ
Since the above system has nine equations, thus to compute
solution with RK- integration scheme we require nine initial condi-
tions. But in Eq. (31) six initial conditions are defined. Thus before
starting solution process, favorable initial approximations for y3ð0Þ,
y5ð0Þ, y7ð0Þ and y9ð0Þ are selected. Also, upper limit of independent
variable g should be finite. After choosing some random values, g1
is selected 5 and y3ð0Þ, y5ð0Þ, y7ð0Þ, y9ð0Þ are assumed to be 1.
Now Runge-Kutta method is implemented and solution is
obtained. The computed solution will converge if boundary resid-
uals i.e. difference between given and computed values of y2ð1Þ,
y4ð1Þ, y6ð1Þ and y8ð1Þ is less than tolerance i.e. 106: If the com-
puted solution does not meet the convergence criterion, then the
initial guesses are re-adjusted by Newton’s method. The process
is continued unless solution meets the convergence criteria (see




























Fig. 1. Physical configuration of problem.
Fig. 2. Effect of a and M on f0(g). Fig. 3. Effect of b and M on f0(g).
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Present section is addressed to captivate the focus of
researchers toward the study of Prandtl fluid along with the
thermo-diffusion effects by exploring the effects of flow controlling
parameters such as Prandtl fluid parameter a, elastic parameter b,
magnetic field parameter M, Prandtl number Pr, Brownian motion
parameter Nb, thermophoresis parameter Nt, Lewis number Le,
nano Lewis number Ln, modified Dufour parameter Nd and Dufour
solutal Lewis number Ld on relevant profiles. The impacts of
various emerging parameters on velocity profile and skin friction
coefficient are presented in Figs. 2 and 3. The behavior of Prandtl
fluid parameter a on velocity is exposed in Fig. 2. It is manifested
from the displayed sketch that velocity regime appears to bePlease cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008enhanced with the increment of Prandtl fluid parameter a. It is
engrossed that by increasing the Prandtl fluid parameter a viscos-
ity of fluid decreases. Consequently, fluid becomes less viscous for
higher values of a and velocity enhances. Fig. 3 demonstrates the
effects of elastic parameter b on velocity field for M = 0 (hydrody-
namic case) and M–0 (magnetohydrodynamic case). To attained
required desire from the illustration we have considered elastic
parameter ranging from (0.1 6 b 6 0:9) and fixed other parameter
Le = Ld = Nd = Ln = 0.5, a = 1 Nb = 0.2 and Nt = 0.5. It is can be
observed explicitly that for increasing values of b velocity profile
decreases. This type of behavior is validated because by increasing
b viscosity increases which as an outcome gears down the velocity.
Fig. 4 is sketched to reveal the effects of Brownian motion param-






































Fig. 4. Effect of a and Pr on h(g).
Fig. 5. Effect of Nb and Pr on h(g).
Fig. 6. Effect of Nt and Pr on h(g).
Fig. 7. Effect of Ln and Nb on /(g).
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10 November 2016dent from the figure that temperature of fluid increases for escalat-
ing values of Nb. This behavior is explained by the reason that by
increasing Brownian motion parameter random motion of fluid
particles increases. This increment in random motion enhances
the average kinetic energy of fluid particles which subsequently
raises the temperature of fluid. Fig. 5 examines the pivotal behav-
ior of thermophoresis parameter Nt on temperature regime and
thermal boundary layer thickness. It is observed from the sketch
that for progressive values of thermophoresis parameter Nt inten-
sifies chaotic motion of fluid particles. This increased disordered
motion of fluid particles corresponds to boost the temperature of
fluid flow. Fig. 6 displays the impact of Brownian motion parame-
ter Nb for Ln = 1 and Ln = 2. It is verified by the fact that for higher
values of Nb the diffusion of nanoparticles stifles throughout the
fluid field which as a result depreciates concentration distribution.
Fig. 7 divulges the impact of thermophoresis parameter Nt on nano
particle volume fraction. It is observed that nano particle volume
fraction and concentration boundary layer is significantly decreas-
ing function of thermophoresis parameter. From the analysis ofPlease cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008graph it is observed that increment in the values of Nt produces
intense thermophoretic force. These produced thermophoretic
forces migrates the nano particles and enhances the nano particle
distribution. Fig. 8 portrays the behavior of Dufour-solute Lewis
number Ld on concentration profile and concentration boundary
layer for Le = 2 and Le = 4. Straightforwardly, it can be seen from
the figure that there is considerable growth in s(g) for increasing
values of Dufour-solute Lewis number Ld whereas, decreasing
behavior is depicted in case of concentration boundary layer
decreases. Effect of Lewis number on s(g) for Pr = 1 and Pr = 1.5
is displayed in Fig. 9. It is illustrated that for increasing values of
Le concentration profile declines. The reason behind this behavior
is that Lewis number characterizes the ratio of thermal diffusivity
to mass diffusivity. Thus, for progressing values of Le thermal dif-
fusivity enhances and subsequently concentration of fluid particles
diminishes. Fig. 10 is elucidated to probe the influences of Prandtl
fluid parameter a on temperature for Pr = 1 and Pr = 1.5. This figure






































Fig. 8. Effect of Ln and Nt on /(g).
Fig. 9. Effect of Le and Pr on s(g).
Fig. 10. Effect of Le and Ld on s(g).
Fig. 11. Effect of M, a and b on skin friction coefficient.
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10 November 2016escalates. This appreciable increase in temperature is due to the
fact that by increasing a viscosity of fluid deceases as a result par-
ticles moves more freely and enhances the average kinetic energy.
This increased kinetic energy plays significant role in enhancement
of temperature. Fig. 11 reveals the joint inspiration of Prandtl fluid
parameter a, elastic parameter b and magnetic parameter M on
skin friction coefficient. This sketch displays the graphical compar-
ison between skin friction coefficient for Prandtl fluid model by
considering a = 2 and b = 2 and Newtonian fluid by limiting a = 1
and b = 0. It is perceived that shear stress along the wall is more
prominent for Newtonian fluid as compared to Prandtl fluid. Here,
it is also noteworthy to mention that skin friction coefficient
upraises by incrementing the values of a and b. Variation in Local
Nusselt with respect to Brownian motion parameter, Ther-
mophoresis parameter Nt and Prandtl number Pr is exemplified
in Fig. 12. This graph demonstrates that temperature gradient
reduces for higher values of Nb and Nt whereas opposite behavior
is depicted by uplifting the values of Prandtl number. The declinedPlease cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008behavior in heat transfer rate is justified by the reasons that
increase in Nb and Nt causes random motion between particles.
Subsequently, particles come across to each other and do not pro-
vide passage to their movement as consequence kinetic energy is
reduced and convective heat transfer rate reduces. Fluctuation in
Sherwood number for incrementing values of Le, Ld and Pr is pre-
sented in Fig. 13. It is concluded that there is considerable decrease
in mass flux coefficient for increasing values of Le, Ld and Pr. Fig. 14
portrays the effect of Nt and Nb on nano particle volume fraction.
Figs. 15a–c is presented to visualize the behavior of involved sun-
dry parameter like Prandtl fluid parameter a, magnetic parameter
M and elastic parameter b on skin friction coefficient. Figs. 16a–b is
decorated to fascinate the researchers by picturing the behavior of
Lewis number (Le) and Dufour Lewis number Ld on Sherwood
number. Figs. 17a–b is ornamented to show the variation in Sher-
wood nano number for increasing values of Nb and Nt. Figs. 18a–b
presents diagrammatic variation in Nusselt number for increasing
values of Nb and Nt. Table 5 is equipped to check the variance in





Fig. 12. Effect of Pr, Nb and Nt on Nusselt number.
Fig. 13. Effect of Le, Pr and Ld on Sherwood number.
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Please cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008M, Prandtl fluid parameter a and elastic parameter b and captivat-
ing other parameter like Pr = 2, Nt = Nb = Ln = Ld = Nd = 0.5. It is
manifested from the table that for increasing values of M, a and


























































Comparative values of skin friction coefficient CfRe
1
2
x for different values of M and by
fixing a ¼ 1; b = Pr = Nd = Nt = Nb = Ld = Ln = Le = 0.
M Taimoor et al. [21] Akbar et al. [18] Present results a ¼ 1; b ¼ 0
0 1 1 1
0.5 1.11802 1.11803 1.11800
1 1.41421 1.41419 1.41421
Table 2
Comparative values of Nusselt number NuRe12x for different values of Pr and fixing
other parameter a ¼ 1; b = M = Nd = Nt = Nb = Ld = Ln = Le = 0.
Pr Khan et al. [25] Wang [11] Gorla et al. [13] Present results
0.07 0.0663 0.0656 0.0656 0.0660
0.20 0.1691 0.1691 0.1691 0.1693
0.70 0.4539 0.4539 0.5349 0.4540
2.00 0.9113 0.9114 0.9114 0.9114
Table 3
Comparative values of Sherwood number S0ð0Þ for different values of Le and Ld or by
fixing other parameters a ¼ 1; b = M = Nd = Nt = Nb = Pr = Ln = 0.
Le Ld Umar et al. [32] Present results
1 0.1359 0.1363
3 0.1 0.2676 0.2677
1 0.1277 0.1277
3 0.2 0.2697 0.2760
1 0.1186 0.1186
3 0.5 0.2663 0.2665
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Ld is manipulated in Table 6. After critical understanding of dis-
played table and defined relation for Sherwood number given in
Eq. (19) it is found that Le enhances coefficient of mass transfer
whereas declined behavior is depicted for increasing values of Ld.
Table 7 is demonstrated to elaborate the effects of Brownian
motion parameter Nb, nano Lewis number Ln and Thermophoresis
parameter Nt on nano Sherwood number. It is perceived from the
table that for increasing values of Ln, Nt and Nb on nano Sherwood
number increases. Table 8 is manipulated to foresee the impact ofPlease cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008Pr, Nb and Nt on Nusselt number. From the critical analysis of tab-
ulated values it is explored that Nusselt number enhances for
incrementing values of Pr while reverse pattern is seen for exceed-
ing values of Nb and Nt. Tables 1–4 are adorned to check the com-





































































Comparative values of Nusselt number h0ð0Þ and nanofluid Sherwood number
a ¼ 1; b ¼ 1; M = Nd = Nt = Pr = Ld = Ln = Le = 0.








0.1 0.3157 0.3430 0.3060 0.3432
0.2 0.3 0.2020 0.3193 0.2020 0.3189
0.3 0.1164 0.6968 0.1159 0.6989
0.7 0.0270 0.2780 0.0230 0.2780
0.1 0.3491 0.3060 0.3489 0.3060
0.2 0.5 0.2938 0.2839 0.2938 0.2842
0.3 0.2332 0.2628 0.2332 0.2625
0.7 0.2018 0.2456 0.2018 0.2451
Table 7
Numerical values of Sherwood nano number ShxRe
1
2
x for increasing values of Nb, Nt,
Ln and fixing other parameters a = 2, b = 0.4, Nd = Ld = 0.5.









0.1 0.7069 0.1 0.89220
0.2 0.1 0.7509 0.2 0.1 1.23754
0.3 0.7886 0.3 1.37956
0.1 0.7886 0.1 0.93571
0.2 0.2 1.8083 0.2 0.2 1.24081
0.3 2.6672 0.3 1.38147
Table 5
Numerical variation of skin friction coefficient CfRe
1
2
x for different values of M, a, b and
fixing other parameters a = 2, b = 0.4, Pr = 2, Nd = Nt = Nb = Ld = Ln = Le = 0.5.





1 1 0.2 1.5431
1.5 1.9731
1 2.0771
0.5 2 0.4 2.3471
3 2.7229
0.2 1.9426
0.5 1 0.4 2.0711
0.6 2.1878
Table 6
Numerical values of Sherwood number ShxRe
1
2
x for increasing values of Le and Ld












Numerical values of Nusselt number - NuxRe
12
x for increasing values of Pr, Nb and Nt.
Nb = 0.1 Nb = 0.5 Nb = 0.7
Pr Nt Nur Nt Nur Nt Nur
1 0.6914 0.5785 0.4865
1.5 0.1 0.9597 0.1 0.7136 0.1 0.5429
2 1.3361 0.8487 0.5731
1 0.6586 0.5504 0.4634
1.5 0.2 0.8824 0.2 0.6610 0.2 0.5050
2 1.1717 0.7627 0.5436
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Please cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008friction coefficient, Nusselt number, Sherwood number and Sher-
wood nano-number. An excellent match has been found with pre-
viously published results, which leads to surety of present work
(See Fig. 16c).
Conclusion
In this article we discloses phenomenon of thermal and mass
transport on Prandtl fluid model. To sustain heat and mass transfer
mechanism for significance influence and better variation in fluid
flow thermo diffusion effect is considered. After incorporating
these effects, the pertinent mathematical model is constructed in
the form of non-linear partial differential equations and then
transmuted into the system of assisting ordinary differential equa-
tions with the help of appropriate similarity transformations. The
solution of present problem is computed numerically via RK- Fehl-
berg method with shooting technique. Conclusion drawn from per-
formed analysis is itemized below.
 The pursuance of increasing values of Prandtl fluid parameter
resulted in enhancement of both velocity and temperature
profiles.
 Considerable growth in temperature profile is exhibited by
uplifting the values of Nb and Nt whereas opposite behavior
is observed for nanoparticle concentration distribution.
 There is upraising in Sherwood number and declination in solu-
tal concentration for elevating the values of Lewis number.
 A comparative study is performed for validation of current anal-
ysis which sets conformity of present results.
 Prominent decrease in skin-friction coefficient is found in case
of non-Newtonian model as compared to Newtonian model.
 It is found that coefficient of convective heat transfer depreci-
ates for increasing values of Brownian motion parameter and





[1] Choi SUS, Eastman JA. Enhancing thermal conductivity of fluids with
nanoparticles. Proc Int J Mech Eng 1995;66:99–105.
[2] Buongiorno J. Convective transport in nanofluids. ASME J Heat Transfer
2006;128:240–50.
[3] Nield DA, Kuznetsov AV. The Cheng-Minkowycz problem for natural
convective boundary-layer flow in a porous medium saturated by nanofluid.
Int J Heat Mass Transfer 2009;52:5792–5.
[4] Khan WA, Pop I. Boundary-layer flow of a nanofluid past a stretching sheet. Int
J Heat Mass Transfer 2010;53:2477–83.
[5] Rahman MM, Rosca AV, Pop I. Boundary layer flow of a nanofluid past a
permeable exponentially shrinking/stretching surface with second order slip
using Buongiorno’s model. Int J Heat Mass Transfer 2014;77:1133–43.
[6] Makinde OD, Aziz A. Boundary layer flow a nano fluid past a stretching sheet
with a convective boundary condition. Int J Therm Sci 2011;50:1326–32.
[7] Zhang C, Zheng L, Zhang X, Chen G. MHD flow and radiation heat transfer of
nanofluids in porous media with variable surface heat flux and chemical
reaction. Appl Math Comput 2015;39:165–81.
[8] Nadeem S, Khaq R, Khan ZH. Numerical study of boundary layer flow of a
Maxwell fluid past a stretching sheet in the presence of nanoparticle. J Taiwan
Inst Chem Eng 2014;1:121–6.
[9] Malik MY, Khan I, Hussain A, Salahuddin T. Mixed convection flow of MHD
Eyring-Powel nano fluid over a stretching sheet: a numerical study. AIP Adv
2015;5. doi: http://dx.doi.org/10.1063/1.4935639.
[10] Nadeem S, Mehmood R, Akbar NS. Non-orthogonal stagnation point flow of a
nano non-Newtonian fluid towards a stretching surface with heat transfer. Int
J Heat Mass Transfer 2013;57:679–89.
[11] Akbar NS, Nadeem S, Lee C, Khan ZH, Haq RU. Numerical study of Williamson
nano fluid flow in an asymmetric channel. Results Phys 2013;3:161–6.
[12] Dalir N, Dehsara M, Nourazar SS. Entropy analysis for magnetohydrodynamic
flow and heat transfer of a Jeffrey nanofluid over a stretching sheet. Energy

































































































10 S. Bilal et al. / Results in Physics xxx (2016) xxx–xxx
RINP 408 No. of Pages 10, Model 5G
10 November 2016[13] Malvandi A, Hedayati F, Ganji DD. Slip effects on unsteady stagnation point
flow of a nanofluid over a stretching sheet. Powder Technol 2014;253:377–84.
[14] Freidoonimehr N, Rashidi MM, Mahmud S. Unsteady MHD free convective
flow past a permeable stretching vertical surface in a nano-fluid. Int J Therm
Sci 2015;87:136–45.
[15] Dunn MW. Non-Newtonian fluid flow through fabrics, National Textile centre
Annual Report: November; 1999, M98–P02.
[16] Nadeem S, Sadaf H, Akbar NS. Analysis of peristaltic flow of Prandtl fluid model
in an endoscope. J Power Tech 2014;94:1–11.
[17] Rehman KU, Malik MY, Salahuddin T, Naseer M. Dual mixed convection flow of
Eyring–Powel fluid flow over an inclined cylinder with heat generation/
absorption effects. AIP Adv 2016;6. doi: http://dx.doi.org/10.1063/1.4959587.
[18] Akbar NS, Khan ZH, Haq RU, Nadeem S. Dual solutions in MHD stagnation-
point flow of Prandtl fluid impinging on shrinking sheet. Appl Math Mech Engl
Ed 2014. doi: http://dx.doi.org/10.1007/s10483-014-1836-9.
[19] Akbar NS. Blood flow analysis of Prandtl fluid model in tapered stenosed
arteries. Ain Shams Eng J 2014;5:1267–75.
[20] Nadeem S, Ijaz S, Akbar NS. Nano particle analysis for blood flow of Prandtl
fluid model with stenosis. Int Nano Lett 2013;3:35–48.
[21] Malik MY, Salahuddin T, Hussain A, Bilal S, Awais M. MHD flow of tangent
hyperbolic fluid over a stretching cylinder: Using Keller box method. J Magn
Magn Mater 2015;395:271–6.
[22] Jothi S, Parasad AR, Reddy MVS. Perestaltic flow of Prandtl fluid in a symmetric
channel under the effect of magnetic field. Adv Appl Sci Res 2012;3:2108–19.
[23] Akbar NS. MHD Eyring-Prandtl fluid flow with convective boundary conditions
in small intestines. Int J Bio Math 2013;6. doi: http://dx.doi.org/10.1142/
S1793524513500344.
[24] Akbar NS, Nadeem S, Lee C. Peristaltic flow of a Prandtl fluid model in an
asymmetric channel. Int J Phys Sci 2012;7:687–95.
[25] KhanWA, Aziz A. Double-diffusive natural convective boundary layer flow in a
porous medium saturated with a nanofluid over a vertical plate: prescribed
surface heat, solute and nanoparticle fluxes. Int J Therm Sci 2011;50:2154–60.
[26] Hirshfelder JO, Curtilis Bird R. Molecular theory of gases and liquids. New
York: John Wiley; 1954.
[27] Afify AA. Similarity solution in MHD effects of thermal diffusion and diffusion
thermo on free convective heat and mass transfer over a stretching surface
considering suction or injection. Commun Nonlinear Sci Numer Simul
2009;14:2202–14.
[28] Bhaatacharyya K, Layek GC, Seth GS. Soret and Dufour effects on convective
heat and mass transfer in stagnation point flow towards a shrinking sheet.
Phys Scr 2014. doi: http://dx.doi.org/10.1088/0031-8949/89/9/095203.
[29] Awad FG, Sibanda P, Khidir AA. Thermo diffusion effects on magneto-nanofluid
flow over a stretching sheet. Boundary Value Prob 2013;136. doi: http://dx.doi.
org/10.1186/1687-2770-2013-136.
[30] Goyal M, Bhrgava R. Numerical study of thermodiffusion effects on boundary
layer flow of nanofluids over a power law stretching sheet 2014;17:591–604.
[31] Khan U, Mohyuddin ST, Mohsin BB. Convective heat transfer and thermo-
diffusion effects on flow of nanofluid towards a permeable stretching sheet619
620
Please cite this article in press as: Bilal S et al. Effect logs of double diffusion on
approach. Results Phys (2016), http://dx.doi.org/10.1016/j.rinp.2016.11.008saturated by a porous medium. Aerospace Sci Tech 2015. doi: http://dx.doi.
org/10.1016/j.ast.2015.12.032.
[32] Khan U, Ahmed N, Khan SIU, Mohyuddin ST. Thermo-diffusion effects on MHD
stagnation point a stretching sheet in a nano fluid. Propul Power
2014;3:151–8.
[33] Shahzad A, Ali R. Approximate analytic solution for magneto-hydrodynamic
flow of a non-Newtonian fluid over a vertical stretching sheet. Can J Appl Sci
2012;2:202–15.
[34] Shahzad A, Ali R. MHD flow of a non-Newtonian Power law fluid over a vertical
stretching sheet with the convective boundary condition. Walailak J Sci
Technol (WJST) 2012;10:43–56.
[35] Aziz T, Mahomed FM, Shahzad A, Ali R. Travelling wave solutions for the
unsteady flow of a third grade fluid induced due to impulsive motion of flat
porous plate embedded in a porous medium. J Mech 2014;30:527–35.
[36] Ali R, Shahzad A, Khan M, Ayub M. Analytic and numerical solutions for
axisymmetric flow with partial slip. Eng Comput 2016;32:149–54.
[37] Ahmed J, Mahmood T, Iqbal Z, Shahzad A, Ali R. Axisymmetric flow and heat
transfer over an unsteady stretching sheet in power law fluid. J Mol Liq
2016;221:386–93.
[38] Ahmed J, Shahzad A, Khan M, Ali R. A note on convective heat transfer of an
MHD Jeffrey fluid over a stretching sheet. AIP Adv 2016;5:117117.
[39] Sokolov A, Ali R, Turek S. An AFC-stabilized implicit finite element method for
partial differential equations on evolving-in-time surfaces. J Comput Appl
Math 2015;289:101–15.
[40] Salahuddin T, Malik MY, Hussain A, Bilal S, Awais M. MHD flow of Cattanneo-
Christov heat flux model for Williamson fluid over a stretching sheet with
variable thickness: using numerical approach. J Magn Magn Mater
2016;401:991–7.
[41] Malik MY, Hussain A, Salahuddin T, Awais M, Bilal S. Magnetohydrodynamic
flow of Sisko fluid over a stretching cylinder with variable thermal
conductivity: A numerical study. AIP Adv 2016;6:025316.
[42] Malik MY, Hussain Arif, Salahuddin T, Awais M. Numerical solution of MHD
Sisko fluid over a stretching cylinder and heat transfer analysis. Int J Numer
Methods Heat Fluid Flow 2015;26:1787–801.
[43] Malik MY, Khan M, Salahuddin T, Khan I. Variable viscosity and MHD flow in
Casson fluid with Cattaneo-Christov heat flux model: Using Keller box method.
Eng Sci Tech Int J 2016. doi: http://dx.doi.org/10.1016/j.jestch.2016.06.008.
[44] Salahuddin T, Malik MY, Hussain A, Bilal S, Awais M, Khan I. MHD squeezed
flow of Carreau-Yasuda fluid over a sensor surface. Alexandria Eng. J. 2016.
doi: http://dx.doi.org/10.1016/j.aej.2016.08.029.
[45] Ellahi R, Shivanian E, Abbasbanday S, Hayat T. Numerical study of
magnetohydrodynamic generalized Couette flow of Eyring-Powell fluid with
heat transfer and slip condition. Int J Num Method Fluid Flow
2016;26:1433–45.
[46] Akbar NS, Raza M, Ellahi R. Impulsion of induced magnetic field for Brownian
motion of nanoparticles in peristalsis. Appl Nano Sci 2016;6:359–70.
[47] Bhatti MM, Ellahi R, Zeeshan A. Study of variable magnetic field on the
peristaltic flow of Jeffrey fluid in a non-uniform rectangular duct having
compliant walls. J Mol Liq 2016;222:101–8.MHD Prandtl nano fluid adjacent to stretching surface by way of numerical
